The map F : X --* Y is refinable if for each E > 0 there is an E-map f from X onto Y that is E-close to F. The closed set A in X is N-elementary if each neighborhood U of A contains a neighborhood V such that the natural homomorphism fi"( U) + fiN( V) has finitely generated Image. If X is a compact ANR, then every closed subset is N-elementary for every n! Suppose F :X -* Y is a refinalble map between compacta. Then:
In [7] , Ford and Rogers define a map F:X -H Y to be refinable if for each 8 :> 0 there is an &-map from X onto Y whose distance from F is less than E. They ask if a refinable map defined on a compact ANR must map onto an ANR. One reason this question is of interest is that Kozlowski has shown that a refiinable map onto an ANR is a cell-like map [ 1 l] and hence by a result of Ferry [6] a refinable map defined on an n-manifold, n > 4, is a near homeomorphism if ,the image is an ANR.
In this paper refinable maps on finite-dimensional compact ANR's arc studied by means of tech cohomology and geometric methods. It is proved in Section 1 that a refinable map defined on a compact ANR induces an isomorphism on each tech cohomology group of any compacturn in the range and in Section 5 that the same result holds for homology. The obvious corollary is that every point-inverse has the cohomology and homology of a point. (A simple example where a point-inverse does not have trivial cohomology is the refinable map defined on an infinite wedge of shrinking circles that collapses one circle to the wedge point.) The cohomology 24a J. Fort& G. Kozlowski,i Refinable maps on AAIR's results are extended to more general spaces by introducing the concept of a closed set A wg 66~-elementary" in X (with, say, integer coefficients). This is defined to mean that for any neighborhood U of J% in X there is a neighborhood V of A such that the homomorphism &NC U) -+ fiN (V) induced by the inclusion V + U has ffnitely generated image. It can then be &own (see Theorem 1) that a refinable map on a mmpactum X induces an isomorphism on the Nth-cohomology group of a oompactum in the range if its inverse is /V-elementary in X One corollary is that if the Nth-cohomology of X is finitely generated then a refinable map F :X + Y on X in&es an isomorphism between the Nth-cohomology groups of Y and those atx.
The study of the state of being N-elementary is continued in Section 4 where the definition is extended to cohomology w%h coefficients in a principal ideal ring R and Yinitely generated" means "finitely generated as an R-module". A relationship is established between Wilder's property (P, Q), and the notion that a space is N-elementary from which it follows that any refinable map defined on a generalized closed manifold over a field has point-inverses which have trivial cohomology, and consequently that1 the property of being an orientable generalized closed manifold is preserved by refinable maps.
In &&on 5 the effect a refinable map has on &:h homology is studied and these results yield several interesting corollaries concerning two dimr:!nsp;snal ANR's.
The material in Sections 4 and 5 involve8 heavy arpplications ai algebraic topology and appears after Sections 2 zzd 3 m as not to interrupt the p&tern of the more directly obtained geometric re&:s stemming from Theorem 1.
The end r&ult is that with certain other additional1 hypothesee c6 refinable map on a tinite4imensional compact ANR wU have cell-like poir%%~verses and, since refinable rips preserve dimensi<Tn, the resulting image is then w&known to be an ANR. III ; jcrticular (see Theorem 3 ia Section 2) if F :X * Y is refinable, and any me of the additional hypothes&s h&d, then Y will be an AN1(: (i) :-=I& F-'(y) is locally connected, or {ii) each F"(,y) is nearly one=Iaovable, #or <iii) each ~~-'{y) approximateJ,y i + annected or (iv) Y is locally l-connected, e;;l (v) F has a monotone e-refirLtment for each E, The discussion in Section 3 he' ps to arif& the properties a counter-exarnpls must have, particularly one of the type F : JR' =+X/A where F is refinable, X is an ANR but X/A is not an ANR. It is proved in Theorem 4 that if X = S3 and the projection s" 4 S3/A is refinable then it must be 1 near-homeomorphism and S3/A = S3.
NOW Properties of ANR's found in [X]
and elsewhere and properties of refinable maps found in [7] and [ll] are used occasionally without specific reference. All spaces should be assumed compact except in Section 3 where a noncompact ANR appears btiefly. MarCfolds are closed m.&folds. The relation of homotopy between maps f and g is denoted f== g.
1.
In this section tech cohomology with coefficients in a finitely generated abelian group G will be used to give information about refinable maps which are defined on spaces satisfying reasonable "medial" properties. (None of the major applications are lost if G is taken to be the group of integers 2.)
The closed set A in X will be said to be N-elementary in X (with respect to G), provided that for any neighborhood U of A in X there is a neighborhood V of A such that the homeomorphism fiN (U; G) --) GN (V; G) induced by the inclusion V + U has finitely generated image.
If every closed set in X is N-elementary (with respect to G!, then X will be said to be N-elementary (with respect to G), and if X is N-elementary (with respect to G) for every integer N, then X will be said to be elementary (with respect to G).
An analogous property originally introduced by Wilder and called "property (P, a)," was defined for field coefficients and appears in 126; Chapter VI, section 73. (It will be discussed :?.n Section 4.)
After the stat--+ o '-~tit of the theorems and some corollaries, examples and proofs will be given.
IfF:X* Ya8*3Lf -,: ; ': ( 2 a FB : F-% --) B denotes the map defined by E (This From the hypothesis there is a finite family {Cj)i c aN(B$ ; G) such that {cj 1 B&}j generates im ig, and there is a finite family {dk)k c fiN(Bz; G) such that {dk IBl}k generates im if.
From Remark 1 there are maps 4 : BG + P, @ : B2 + Q' into compact ANR's P and Q such that cj +n 4" for each j and dk E im #* for ea.ch k:.
There is an E > 0 such that (1) e < ~1, (2) if f is any E-map defined on B& then there is a map 8 : f(Bi) + P such that 4 = &, and (3) 
The existence of such a number follows from the fact that 1' and 0 are ANR's; see 1133 and [8, p. 1111, or [2] . Now let f be any E-refinement of F and let FI : Bh + BI and fo: BI, + BI denote maps defined by F and f respectively. From (3), FT and f$ agree on im(
Since C$ is defined on Bz by (1) and (2), im(f IBM)* is contained in im if. Thus cj IB& ~fi(im if) for each j and so im Fg contains im iz as asserted. The following, which is used several times, is proved in [ 111.
Remark 2. If F :.X --) Y is a refinable map between compacta, then for any compact set P in Y and any N and G, the induceld homomorphism Since Fz is an isorzlorphism from the image of iz onto a subgroup H of the image of ir (which is finitei.g generated by hypothesis and Abelian) H #and, therefore, the image of ia are also finitely generated. By Lemma 1 the homomorf;llihism FL :fiN(B; G)dN Roof of C%mdhq 1.1. Follows from Example 1.
Rd d Coroliary lo2. Fdlows fkom Theorem 1.
Raof of Cadbuy 1.3. Because M is simply-connected and n a 3, M-(point} is simply-connected. By a theorem of [ll], M -F-'(~0) is simply-connected. (Briefly the proof follows this outline: (11 a sequence of refinements can be chosen so that {G (yO)}+p E F-'(yo), (2) any loop Q in A4 -{p} contracts by way of a homotopy hl in M-N&)
for some E :* Qso that the range of frvH misses yo for most N, (3) F& is a loop in the' All Y -{yoj with arbitrarily close null-homotopic 100~s f&, so that F4 is nulltopic in Y -{yo}, and (4) F induces an isomorphism from V&M- (Ipt.}) b&ween singular homology with integer coefficients and Cech cohomology & indic&ed. Since the latter group is zero for every 4, the inclusion A4 -F" (yo) +I M -tit,) induces an &morphism on singular homology. By a theorem of J.H.C Whitehead 123; Theorem 7.6.25) the inclusion map is a homotopy equivalence.
, '
For y # yo the space p' is locally contractible~at ;y; hence F-'(y) is cell-like [ 111. The map F : A4 -F-l(yt,) + Y -(~a) then induces isomor@hism of all homotopy groups (see for examp$l#:: [lOI') and thus9 by another'theorem of Whitehead; is a homotopy equivalence. In this section the cohomology result of Section 1 is exploitled to give conditions under vvhich a refinable map F : X --) Y defined on an ANR X will be known to have every point-inverse of trivial shape. These point-inverses will then be approximately contractible in X; i.e. for each y E Y, every open neighborhood & of F"(y) contains an open neighborhood U of F-'(y) whose incMon map Lp --+ & is homotopic in IJo to a map of U + & taking W to a single point. It then follows that Y is LC"; hence if Y is finite-dimensional, it is an ANR. Due to the use of this last hypothesis the ANR X will be assumed to be fiinite-dimensional in this section, although it will be obvious that certain useful implications in the proof hold without this hypothesis. With the hypothesis of finite-dimensional@ and cohomology of a point, to show that a compacturn has trivial shape, it suffices [la] Proof. The following implications will prove the theorem: (i) F monotone refinable -F-'(y) is approximately l-connected for each y.
(ii) Fo:r each y E Y, F-'(y) is locally connected -*F"(y) nearly one-movable +Y is LC' + F"(y) is approximately l-connected for each y E Y.
(iii) F"'(y) is AC1 for each y E Y -+ Y is an ANR.
The following remarks will be useful in sorting through these implications. Under the hypothesis of compact met&ability, local connectivity is equivalent to local path-connectivity, or LC'. Both remarks then follow from the results of [22] or lw .
Remark IL If X is ra locally connected compacturn and f : X + Y is a monotone map of X onto Y, then for any map C.C : S1 + Y and any E > 0 there is a map A : S' +X such that d (fh, p) a< E.
Remark 2. If X is an ANR and j? X =+ Y is a monotone map of X onto Y such that f'(y) is locally connected for every y E Y, then Y is LC1.
proof of (i). Suppose F is monotone refinable and for each i, fi denotes a monotone l/&refinement of di: Suppose y E Y and let Uo be any open neighborhood of F-'(y).
There There is a U with F'(y) c U c I& and an ~2 > 0 such that if f is an E*-refinement ofF,thenf(U)c V&SinceXisan.M?Rthereisan~ >O,with~ emin{e1, bz),such that if f is an e-refmement of F, thea there is a map g from Y to X such that gf 1 U is homotopic to the identity on U with a ho.motopy taking place in Ul and such that sf( Ul) c Uo. Let f and g be such maps. Now let h : S1 + U be a loop. Since g;fl U is homotu&c in Ul to the identity on U' h is homotopic to gfn in Ul. Since fh is a loop in Vly it is homotopic to a constant map in Vo. Hence @ is homotopic to a constant with the homotopy occurring in g( Vi) c gf(&) c Lr,. Therefore any loop in U contracts in Uo.
Hence each F-'(y) locally connected implies each F"(y) is nearly one-movable. This second property also implies that Y is LC' (see [21] 
or [lo]).
Proof of (ii&j. Suppose F-'(y) is AC' for each y E '14. Since F-'(y j his trivial cohomology and is finite dimensional it must also have trivial shape. Hence F is cell-like, and Y is therefore LC". It follows from [ 1 l] that if F : X + Y is a refinable map between compacta, then dim X =dim Y. Thus Y is finite-dimensional and therefore is an ANR.
3.
In looking for a refinable map defined on an ANR X whose image is not an ANR, a managable type map is a projection F :X --,X/A for some compactum A in X Based on various theorems in this paper, it follows that if A and X are to provide a counter-example then A must be connected (see [a] ) but not locally connected, not be nearly one-movable, have trivial cohomology and homology, and not be approximately l-connected. Further, X/A must fail to be locally l-connected at {A}, and if X is a simply connected n-manifold then X-A must have the homotopy type of X -hint}. The dimension of X cannot be 1 since the refinable image (or, indeed, the monotone image) of a l-dimensional ANR is an ANR and Corollary 5.2 in Section 5 makes dimension 2 look unpromising. If X = S3, then A must also satisfy the following two pairs of conditions:
(1) S3-A is contractible but S3/A is not locally simply connected, and (2) A admits an essential map onto the wedge of two circles but admits no essential map onto a circle (see McMillan [14] ). Since the Case-Chamberlin set in S3 satisfies all of these properties (see [17] and [3]), it is a natural choice.
Theorem 4 shows that the projection map that shrinks the Case-Chamberlin set to a point in S3 is not a refinable map, but a map that shrinks one or more CaseC&nberlin sets to a point in some other ANR remains a candidate. Qaestion 2. Does there exist an ANR X containing a Case-Chamberlin set A such that X --)X/A is refinable? 
G(X) = H(x, T(X)) if x E X -P(
Then the diameter of H({x} x [0, 11) is less than S for all x in X -F-'( Wl). Since N == g-l({K)i has diameter less than E and is contained in M there is by construction. a compartment C, bounded by L GU' and disks Dr, Dz, . . . , Dk, containing N centrally and containing a connecting arc A as described. It will be shown that the singularities of F-'(g(C)) are small t>nough that it can be appro& mated by a lball in T containing AK. Since g agrees with F outside of M and F is a homeomorphism there, the map F-'g is the identity on S3-M. Hence, on aC the only &-ints moved by F-'g are points in Di n M for i = 1,2, . . . k, and since d(J@, S -T) > 2e and g is an e-map, F-'g takes no point of Di n M to a point within E of eT.
Let A' denote the continuum F-'g(A), where A is the arc from N to L in C Note that A' is connected since F is monotone and note that Kg *_ A' since {K} = g(M). Because the distance between any two of the disks Dl, Dz, . . 1 , Dk and the set N u A is more than E, no two of the sets F-'g(Dl), . . . , F-'g(D& and F-'g(N WA) = A', intersect.
Foreachi,i=1,2,... 5 there is a 3-manifold Mi in T containing FB1g(Di) such that (1) M;:nMj=PIif i#j, (2) MinA'=flrori=1,2,...k,and (3) MinaT=dDifori=1,2,...k. Since F-'g has no singularities near aT, Dehn's lemma, using F-'g : Di +hG, implies that there is a polyhedral disk Ei in Mi such that aEi = El ndT = aDi. (Note that F-'g restricted to Di is a map.)
The Ilmsphere R, consisting of the tubular piece L of aC with the new disks El, . . . Ek attached is a subset of T and has one complementary domain in T. The continuum A' goes from a point of L to K in T and, since A' misses the new disks, A' n R consists exactly of one point, p, of L. This point is not a cut point of A' since F"g has no singularities near L and A -{p} is connected. This forces K to be in the complementary domain V of S3 -R that is contained in T. T!IUS K c Vu R c T and V u R is a ball (Alexander) since R is a polyhedral 2-sphere.
Corollary (to Proof of Theorem 4). If the 3-manijYold Mcontains no homology cubes
which are not real cubes and K is a colmpactum in Int M such that the projection M --) M/K is refinable, then K is cellular in M (and hence the projection is a near homeomorphism).
4.
Although many of the applications of the concept of a space being N-elementary involve coefficients in an abelian group, in order to extract the full utility of the concept it is necessary to broaden the definition to include coefficient groups which are modules over a commutative ring R with unit (in which case the cohomoloLgy groups are actually R-modules). A closed set A in the space X will now be said to be On the other hand assume that X has property (P: Q)N+~ and that fiN(X) is finitely generated. has an exact middle row and the vertical arrows on the extreme left and right have finitely generated images. By Borel's remark the homomorphism fiN (B) --) tiN (A) has finitely generated image. Thus X is N-elementary. Finally, assume R is a field.
Theorem 5. Let F :X --) Y be a refinable map, and X an orientable n-gem over R. l%elr~ Y is an orientable n-gem over R.
Proof. For the definition of "orientable n-gem over R" see [26] or 1171. From Theorem VIII.l.l of [26] it follows that X has property (P, G)N and that a"(X) is finitely generated for all dimensions N; hence by Lemma 1 the compacturn X is elementary. By Theorem 1 of Section 1 every point-inverse of F has the cohomology of a point. By Theorem [26, V. 18.181, every point-inverse of F has the homology of a point. By Wilder's Main Theorem A in [25] , Y is an orientable n-gem.
5.
* In this section a comparison is made between homology and cohomology by means of Pontrjagin duality, which can be found in [9] . The results are then applied to refinable maps. In this section assume that coefficients are taken in 2 or 2, (p a prime). If G is any countable (discrete) abelian group, then the character group Ch G is the compact abelian topological group consisting of all homomorphisms from G into the reals mod 1 (with the topology of Ch G being pointwise convergence). If f : G + H is a homomorphism, then composition defines a homomorphism Ch f : Ch H -P Ch G.
The relationship between Tech cohomology with coefficients ,n G and Tech homology in Ch G is given by the following assertion [S; VIII.4.G and VIIISJF]: there is a natural isomorphism Ch fiN (X; G) r &J(X; Ch G) where "natural" means that if F : X --+ Y is any map, then the diagram
